doi: 10.4302/plp.2013.2.10

PHOTONICS LETTERS OF POLAND, VOL. 5 (2), 63-65 (2013) 63

Dyakonons in hyperbolic metamaterials
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Abstract—We have analyzed surface-wave propagation that takes
place at the boundary between an isotropic medium and a semi-infinite
metal-dielectric periodic medium cut normally to the layers. In the range
of frequencies where the periodic medium shows hyperbolic space
dispersion, hybridization of surface waves (dyakonons) occurs. At low
to moderate frequencies, dyakonons enable tighter confinement near the
interface in comparison with pure SPPs. On the other hand, a distinct
regime governs the dispersion of dyakonons at higher frequencies.

Multilayered metal-dielectric (MD) materials can be con-
sidered the simplest metamaterials, but also highly versa-
tile, which may be able to sustain bulk high-frequency
plasmonic modes. If such a metamaterial is cut perpendic-
ularly to the layers, it can also sustain electromagnetic
surface waves. This property has been exploited to excite
ultra-confined surfaces waves (also known as spoof
plasmons) in the terahertz, which is a regime where con-
ventional surface plasmons cannot exist [1]. For infrared
and visible wavelengths, the MD compounds may behave
as plasmonic crystals enabling a simplified description of
the medium by using the long-wavelength approximation,
which explicitly involves the homogenization of the struc-
tured metamaterial [2]. Under certain conditions, the per-
mittivity that is given as a second-rank uniaxial tensor
may contain elements of the opposite sign, leading to hy-
perbolic metamaterials [3, 4]. In this context, Jacob et al.
[5] showed for the first time the existence of Dyakonov-
like surface waves [6] when considering anisotropic me-
dia with indefinite permittivity. However, the authors pro-
vided only a qualitative and elusive study of hyperbolic
dyakonons.

Here, we retake the task and perform a thorough analy-
sis of dyakonons taking place in semi-infinite MD lattices
showing hyperbolic dispersion. Our approach puts empha-
sis on the effective-medium approximation (EMA). Dif-
ferent regimes are found and analyzed thoroughly. Finally,
the main conclusions are outlined.
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Fig. 1. Scheme of the semi-infinite lattice (x < 0), composed of a
Drude metal of permittivity ey and a dielectric with e4=2.25, together
with an isotropic medium (simulations consider air in x > 0).

The photonic system under consideration is shown in
Fig. 1. The periodic bilayered structure is made of two
materials alternatively stacked along the z axis. This
metamaterial fills the semi-space: x < 0. Specifically, a
transparent material of dielectric constant ¢, and slab
width wy is followed by a metallic layer with its corre-
sponding parameters ¢, and w,, . In our numerical simu-
lations we set &, =1—w >, which applies to a Drude
metal (frequencies in units of the plasma frequency @, ).
For the purpose of this Letter we will neglect losses, leav-
ing their detailed consideration for the future publication.
Finally, we set an isotropic material of dielectric constant
¢ filling the space x > 0.

By employing EMA we modeled the form anisotropy of
the described plasmonic device [2]. The validity of EMA
is usually related to the assumption that the period
A =w,, +w, is much shorter than the wavelength. How-
ever, the inclusion of nanostructured metallic elements
deserves refinement in the EMA because of the fact that
the width of metallic layers can be higher than the skin
depth of noble metals, which is deeply subwavelength.
Material homogenization requires the metallic layers to be
of the size of a few nanometers [8, 9]. In this case, the
plasmonic lattice behaves like a uniaxial crystal whose
optical axis is normal to the layers (the z axis in Fig. 1).
The dyadic relative  permittivity is set as
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g =&, (xx+yy)+gz , where g and &, are evaluated
analytically using [2]

o1, g7t]= @~ f [y, eat]+ flem 2], (1)

where f =w, /(w, +w,) stands for the metallic filling
factor in the unit cell. Therefore, the engineered anisotro-
py of the 1D lattice is modulated by the filling factor of
the metal, but also by its strong dispersive character.
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Fig. 2. Permittivities ¢ and ¢, as a function of normalized frequen-
cy w for the MD lattice of Fig. 1 assuming f = 0.33.

Dispersion in metals determines actively the character-
istics of plasmonic-crystal anisotropy [10]. In Fig. 2 we
represent permittivities & and ¢, for a wide range of
frequencies, when f =0.33. In the low-frequency range,
o<<l, we obtain that & ~fg, <0 and O<g
~ g4 /(L— ). The plasmonic arrangement behaves essen-
tially as a metal and therefore only evanescent TE* waves
(E, =0) can exist. On the other hand, the dispersion of
bulk TM? waves ( B, =0) follows a one-sheet hyperboloid

2 2
u + k_ZZ =w?, (2)
. 4, ¢1 .
where spatial frequencies are normalized to k, =w,/c.
The hyperbolic dispersion exists up to a frequency
w, = (0, &4, T) for which ¢, =0, being
e, &4, F)=[l+e/f +e,0—F)F]*. ©)
In our numerical example it occurs atw, =0.426. For
slightly higher frequencies, Eq. (2) represents an ellipsoid
with a major semi-axis m,/s, . However, note that such a
value diverges at a frequency e, = @(0,5,,1— f).
Here w, =0.686 . Note that @, < w, only if f < 1/2. Final-
ly, Eq. (2) represents a hyperboloid of two sheets in the
range @, < w<1. The frequency in the upper limit is es-
tablished by the condition g, =0, or equivalently ¢, =0,
occurring at the plasma frequency.

We seek the solutions of the Maxwell's equations in the
form of surface waves that can propagate at the boundary
of the MD lattice. Therefore, we expect to find localized
solutions near x = 0 with amplitudes decaying as |x| — 0.
Since we treat the plasmonic lattice as a uniaxial crystal,
we may establish analytically the diffraction equation that
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gives the in-plane wave vector k,, =[0,k,,k, ] of the sur-
face wave. For that purpose we follow Dyakonov [6] by
considering the modal treatment of our problem.

In the isotropic medium we include TE* and TM* waves.
All these fields are evanescent in the isotropic medium,
proportional to exp(— xx), where x = &(g,&)and

E(glngz):\/kyg+kz251/52_510)2 ) (4)

in units of k,. The time-harmonic modal electric field
may be written in the complete form as E(r,t)
=E(x)exp(ik or —iest). For x > 0, the TE* wave may be
set as E(x)= A aexp(-#x), where a=|0,k,,k, |. Here
time- and space-coordinates are normalized to the inverse
of w, and k,, respectively. Note that the polarization
vector a lies on the plane x =0, but it is perpendicular to
the propagation direction of the dyakonon, k. The mag-
netic field of the TM* mode is conveniently written using
B(x)=(sw/c)A, aexp(—xx). Both A and A, are
complex-valued amplitudes.

On the other side of the boundary, the ordinary (o-) and
extraordinary (e-) waves in the effective uniaxial medium
also decay exponentially with rates given by
x, =k(s.,6.) and &, =&(s, 5, ), respectively. Specifi-
cally, the dependence along the x direction of the o-
wave electric field in x < 0 may be written as
E(x)= A b, exp(x,x). The part of the magnetic field
which provides its variation normally to the isotropic-
uniaxial interface is set now as B(x)=Ags w/c
xb, exp(x,x) for the e-wave. Here A, and A stand for
amplitudes of the o- and e-waves, respectively. Also we
define the vectors b,, =[-k,,~ix,,,0], which are per-
pendicular to the optical axis. It is clear that o-wave corre-
sponds to a TE* mode and the e-wave essentially is TM?.

Next we apply the standard electromagnetic field
boundary conditions at x =0, that is, continuity of the y-
and z-components of the fields E and B at the planar inter-
face. This problem may be set in a matrix form as
MA =0, where the vector A=[A¢, Ay, A, A ] includes
all the amplitudes. In addition, the matrix

k, —ik,x ix, -k,
— |-k —ik 0 2 k2
M=o T R G
ik sk, kK, ie, 0k,
ik,x —sw?k, kZ-g w? 0

A nontrivial solution for A may be found if the determi-
nant of M vanishes. In this way Dyakonov derived the
equation giving the spectral map of wave vectors k [6]
that propagate at the interface between the anisotropic
uniaxial dielectric and the isotropic one.

Dyakonons may be found in different regimes, which de-
pends not only on the values characterizing the permittivi-
ty of the medium, but also that of the surrounding iso-
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tropic material &. For illustration, we analyze the case
when ¢<eg,/(l-f) and f < 1/2. Therefore &< ¢ in the
range O<w<wm,, Where &, <0. It is easy to see that
K <1, and, also x, < x,. Moreover, we can find station-
ary solutions of Dyakonov's equation only if ¢ <—¢, . This
occurs when0 < w < w,, Where w, = a(e, &4, f); in our
numerical simulations @, =0.343.

the large in-plane wavenumber of the dyakonon; note that
k, =0.660 for the point A and k, =0.254 for the point
B. By contrast, the lowest confinement is produced at
point C: k, =[0,0.25,0.74] at @ =0.70. In this case, the
dominant contribution of the extraordinary wave counts
against localization near the surface.

(a) (b)
=027 =033
12 12
08 08
k. k. e
-
0.4 04 P
, B
/
0.0 ! 0.0 I £5P
0.0 0.4 0.8 12 0 04 08 12
k, k,
(©) (@
w=0.70 w=0.70
12
R
0L 1T o
k- k _
0.4 ~
c
0w %) 03 12 07055 0.6 1.2
k ,

Fig. 3. Solutions of equation det(l\W): 0, drawn in solid line, con-
sidering our hyperbolic metamaterial neighboring an isotropic medium
of permittivity £ =1, at different frequencies: (a) @ =0.27 (b)

@ =0.33 (c) @=0.70 . As a reference we also include equation «, =0
that is set in dashed line. (d) Dispersion curve as given in (c) but ranged
over the region of interest. Points A, B, C, and SP are used in Fig. 4.

In Fig. 3(a)-(b) we illustrate the dyakonon dispersion
curve for some frequencies O<w < @, . In these two cas-
es, dyakonons curve approaches a hyperbola. In contrast
to what is shown in Fig. 3(b), we find a band-gap around
k, =0 in (a); in general terms it occurs if @<0.324. In
this sense we point out that Dyakonov's solutions at
k, =0 are constrained to the condition k, > w\/g—"
which is necessary for x, to exhibit positive values.

Next we consider the high-frequency band @, <@ <1
whereg; <0<e&,. The plot shown in Fig. 3(c) corre-
sponds to this case. The dyakonons curve goes near the
curve x, =0, as it happens in Fig. 3(a) and (b). However,
it crosses the curve x, =0 at two different points, where
the curve begins and ends. In comparison, the angular
range of dyakonons becomes significantly low.

Figure 4 shows the magnetic field for the points A, B, and
C, all highlighted in Fig. 3. Also we include the field at
the point SP shown in Fig. 3(b), which corresponds to a
surface plasmon ( B, =0). For the cases A and B, the field
pattern remains tightly confined near the surface x=0
within a few units of 1/k,, . Such wave localization is even
stronger than the confinement of the surface plasmon,
appearing at @=0.33 for k, =0.766. This is caused by
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Fig. 4. Variation of magnetic field along the x-axis for the points A, B,
and C highlighted in Fig. 3. We include the point SP associated with
pure TM* surface waves.

In summary, we have shown that Dyakonov-like surface
waves excited in hyperbolic metamaterials enable distinct
regimes of propagation. At low and moderate frequencies,
dyakonons propagate in the canalization regime, as shown
in Ref. 5. However, bandgaps may be found when surface
waves are directed parallel to the layers. At high frequen-
cies, severe restrictions arise concerning the existence of a
narrow angular range. Finally, we have pointed out that
the properties of the resulting bound states change rapidly
with the refractive index of the surrounding medium, sug-
gesting potential applications for chemical and biological
sensors.
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