
doi: 10.4302/plp.2013.4.12 PHOTONICS LETTERS OF POLAND, VOL. 5 (4), 155-157 (2013) 

http://www.photonics.pl/PLP © 2013 Photonics Society of Poland 

155 

Abstract—We present recent the results of our studies on matter 

interaction with strong laser pulses. It has been known that the results 

obtained with the use of Strong Field Approximation, which underlay 
the Keldysh-Faissal-Reiss theory (KFR), lead to a gauge dependent 

expression for probability amplitude. We propose a new approach to this 

problem and develop a new method to obtain an expression which is 
gauge independent. We present some examples of numerical 

calculations which show good agreement of our model with TDSE 

results. 

 

 

Interaction of atomic and molecular systems with strong 

and short pulses of laser radiation has been intensively 

investigated for more than two decades. The process 

which attracts much attention, both from theoretical and 

experimental point of view, is an atomic and molecular 

photoeffect driven by strong pulsed radiation. A standard 

description of this phenomenon is based on Strong Field 

Approximation (SFA) known also as Keldysh-Faisal-

Reiss theory [1]-[3]. As opposed to a standard 

perturbation method, SFA accounts for the interaction 

with an external field in a non-perturbative manner, and 

in the first approximation, neglects the influence of the 

atomic potential on the final continuum state of the 

electron. 

SFA is a proper theoretical tool used for the description of 

laser-matter interaction in a strong field limit, ie. when 

ω<<Up and ω<<Ip (where Up is the ponderomotive energy 

and Ip is the binding energy). However, in general, its 

predictions depend on a chosen gauge of the scalar and 

vector potentials describing an external electromagnetic 

field. Considering the two most popular gauges, velocity- 

(VG) and length-gauge (LG), theoretical predictions may 

differ by few orders of magnitude [4]-[6]. It seems that 

length gauge gives better agreement with experimental 

results and solution of the time dependent Schrödinger 

equation (TDSE). However, Reiss [5] showed that for 

detachment from negative fluorine ions, the velocity 

gauge is in better agreement with experimental 

measurements. It is certainly undesirable to be forced to 

choose an appropriate gauge depending, for example, on 

the pulse parameters. The main motivation of the present 

investigation is to develop a gauge-invariant description 

of the atomic interaction with short and strong laser 

pulses.  
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We can write the Hamiltonian of the system interacting 

with strong and short laser pulses using a dipole 

approximation (atomic units are used throughout unless 

otherwise stated) 

 

                     , (1) 

 

where     is the free Hamiltonin,      is the time-

independent atomic potential and       describes the 

interaction of the electron with strong laser pulses. The 

Hamiltonian (1) can be partitioned in two ways 
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where 

 

              , (3a) 

              , (3b) 

 

Using two types of the Hamiltonian (2) we can write two 

types of integral Dyson equations for the time evolution 

operator [7] 
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where      and     are the time evolution operators 

generated, respectively, by      and     (3). We consider 

matter interaction with a laser pulse of finite time 

duration, starting at an initial time    and terminating at a 

final time   . The time-dependent transition amplitude can 

be written as 

 

                            , (4) 

 

with       and       denoting the final continuum state of 

the ejected electron and initial bound state, respectively. 

With the use of the first Dyson equation (3a) we can 

rewrite (4) in the form 
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. (5) 

 

Standard form of SFA is obtained by approximating time 

evolution operator                      and the initial 

state by a plane wave. The ionization amplitude can be 

written as [7] 

 

  

             
                              

  
  

, (6) 

 

in either gauge, where    
                  is the Volkov 

state. The two most popular gauges are the velocity 

gauge, characterized by 

 

                
 

 
     , (7a) 

 

where      is the vector potential of electromagnetic 

field, and the length gauge 

 

              , (7b) 

 

where      denotes the electric field of the pulse, 

              . Equation (6) can be written as [8]  

 

    

   
                            

             

         
                            

  

  

 

.  (8) 

 

Expression (8) is gauge dependent since            

depends on the choice of gauge for  transient times.  

A gauge invariant expression for the transition amplitude 

can be obtained by taking into account the next iteration 

of (3a) 

 

            

  

  

    

  

  

   
                                            

 

  (9) 

 

The right side of this equation can be transformed in an 

analogous way as (8) [8] 

 

 

           
                             

  
  

        
                                      

  
  

  

, (10) 

 

The first term of (10) is gauge dependent and it cancels 

with the gauge dependent contribution in (8) and the 

second term in (10) is independent of the choice of gauge. 

The term not shown explicitly in (10) is of the second 

order in atomic potential. Therefore, up to terms of the 

first order in atomic potential we can write a gauge 

independent expression for transition amplitude in the 

form 

 

         
                            

             , 

  (11a) 
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  (11b) 

 

Expressions (11) for the ionization amplitude were used 

for the analysis of energy spectra of photoelectrons 

emitted from the ground state of the hydrogen atom. The 

results were compared with TDSE results obtained with 

the use of the QPROP package [9]. We use a plane wave 

as an approximation for the final state of a photoelectron. 

This is justified for a short range potential and in the case 

of ionic potentials with a long-range Coulomb tail this 

approximation can be used for more energetic 

photoelectrons. The linearly polarized laser pulse is 

characterized  by an electric field with a cosine squared 

envelope 

 

      
         

  
  

 
              

 

 
   

 

 

          

 ,  

  (12) 

 

where E0 is the electric field amplitude, τ is the pulse 

duration time and φ is the carrier envelope phase (CEP). 

The laser pulse duration time τ is defined by nT , where n 

is the number of optical cycles and T is the carrier wave 

period determined by the carrier-wave frequency ω. We 

present energy distribution of detached photoelectrons for 

a few different values of parameters,    equal to 1 a.u. (it 

corresponds to the intensity equal to 3.5·10
20

 W·m
-2

) and 

3 a.u. (intensity equal to 3.15·10
21 

W·m
-2

). We consider 

atom interaction with a laser pulse with the wave length 

λ= 80 nm (ω= 0.57 a.u.) with CEP equal to zero. Keldysh 

parameter, which determines which process, tunnell 

ionization or above threshold ionization, can occur, is 

smaller than one (0.57 for   = 1 a.u. and 0.19 for   = 3 

a.u.). We consider photoelectrons emitted in the direction 

of laser field polarization.  

   Previously, we performed the calculations for 

10,10  nE and 2,30  nE
 
[10]. The results of this 

calculation together with comparison with the TDSE 

predictions are shown here in Figs 1a and 1b, 

respectively. In general, we observe qualitative agreement 

between the present approach and the "exact" results 
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based on a numerical solution of TDSE. The spectra 

show, in general, complicated structures which are due to 

interference effects. The present approach leads to good 

qualitative agreement with TDSE-results for the pulse 

parameters basically beyond the region of applicability of 

standard SFA, and also for larger energies of the emitted 

electron. 

 

 
Fig. 1. Energy distribution of photoelectrons for ω = 0.57 a.u., a) E0 = 

1 a.u. and n = 10, b) E0 = 3 a.u. and n = 2. Dashed red line corresponds 

to TDSE results, dashed green line corresponds to present calculations.  

We also note that energy spectra show rather weak 

dependence on the pulse parameters, like electric field 

amplitude and number of optical wave – this is 

demonstrated in Fig. 2, where we show spectra for five 

different values of E0 and n. It can be noticed that the 

spectra for different values of these parametres show 

small differences, except for some oscilations which 

occur in the region of higher energy of photoelectrons. 

We have presented the results of our research on the 

laser-matter interaction in a strong field limit and 

derivation of a gauge-invariant description of this proces.  

The presented approach does not require any special 

partition of the total Hamiltonian into a "free" and an 

"interacting" part, as in [11-12]. Our method is based on 

consequent grouping of all terms in the same order with 

respect to atomic potential, which leads to a gauge 

independent expression order-by-order. We have limited 

numerical calculations to the first order term and 

compared it with TDSE results. Our calculations show 

good qualitative agreement with TDSE results, especialy 

in the high photoelectron energy region.  

 
Fig. 2. Energy distribution of photoelectrons for ω = 0.57 a.u.,   

 a) different value of E0 and n=2, b) E0=3 a.u. and different value of n.  

The present approach reproduces better the TDSE 

results for the values of parameters beyond the region of 

validity of standard SFA (for SFA ω << Ip, ω << Up, 

where Ip is the binding potential and Up is the 

ponderomotive energy). We have also observed that our 

model shows better agreement with TDSE results for a 

stronger field and higher energies. 
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