doi: 10.4302/plp.2013.1.10 PHOTONICS LETTERS OF POLAND, VOL. 5 (1), 26-28 (2013) 26

Gaussian beam diffraction in free space
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Abstract—In this paper a complex geometrical optics (CGO)
method is applied for the Gaussian beam (GB) diffraction in free space.
CGO reduces the diffraction description to solving ordinary differential
equations for a beam amplitude and for a complex curvature of the wave
front. We present analytical solutions for the GB width, wave front
curvature and complex amplitude. Moreover, we discuss the influence
of beam ellipticity on propagation in free space. Obtained CGO
solutions are compared with the solutions of a diffraction theory,
specifically from the Kirchhoff-Fresnel integral.

Complex geometrical optics (CGO) has two
equivalent forms: the ray-based form, which deals with
complex rays [1-6], that is with trajectories in a complex
space, and the eikonal-based form, which uses complex
eikonal instead of complex rays [6, 7]. A surprising
feature of CGO is its ability to describe the Gaussian
beam (GB) diffraction in both ray-based and eikonal-
based approaches. Recently, an eikonal-based CGO
method has been applied to describe GB evolution in
inhomogeneous media [8, 9], nonlinear inhomogeneous
fibres [10] and graded-index fibres [11]. It is shown in
[11] that the eikonal-based CGO approach demonstrates
high ability to describe GB evolution in graded-index
optical fibres reducing hundred times the time of
numerical calculations at comparable accuracy with a
Crank-Nicolson scheme in the Beam Propagation Method
(BPM).

For an axially symmetric wave beam propagating
along the z axis in free space, CGO suggests a solution of
the form

u(r,z):Aexp(ikoy/):A(z)exp[iko(B(z)rZIZ—z)] 1)
where i is the complex-valued eikonal, which in
accordance with Eq. (1) has the form

v =B()r*/2-z, 2)
where I :W/X2 + y2 is the distance from the axis z

(radius in cylindrical symmetry) and parameter B(z) is the
complex curvature of the beam wave front. The eikonal
equation in (I, z) coordinates takes the form.
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where e=1. Substituting the complex eikonal from Eq. (2)

into the eikonal equation in Eq. (3), we obtain a Riccati
equation in the form

dB )
— =B?, (4)
dz

which has the following solution:

__BO . (5)

B(2)= 1-B(0)z

For the GB which has the initial width w(0) and with the
initial wave curvature equal to zero x(0)=0 the initial

value of parameter B is equal to B(0) =i/k,w*(0) and
as a result we obtain that

i/k,(0) ilkW'(0) . (p)

B(z) = =
) 1—iz/k,w?(0) 1+ z/ik,w*(0)

The real and imaginary parts of this solution are equal to

z

ReBD) = o)+ 2
0

, (72)

k,w?(0)

S 7b
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ImB(2) =

As a result, the beam width and wave front curvature turn
out to be

w=w(0) 1+[LZJ ’ ®)
z

= . 9
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where L, =k,Ww?(0) is the diffraction length. In the

framework of a paraxial approximation, where I is the
small parameter, amplitude A=A(z) satisfies the transport
equation, which for the axially symmetric beam in (I, z)
coordinates takes the following form:

2
dAaw{la(rawj

ot

2
E IV p o (10)
dz oz ror\_ or

In accordance with Eg. (2) we obtain that

6—W=1 , 18[!’6"[/J=2B

= (11)
0z ror\_ or

and as a result, Eq. (10) reduces to an ordinary differential
equation in the form:

dA

——+B(z)A=0 (12)
5, @)
As a result, the complex amplitude of cylindrically
symmetric GB takes the form
A(z)= A0)exp (— | B(z)dz), (13)

where A(O) is the initial amplitude. Substituting Eq. (5)

into Eq. (13), we obtain the connection between the
amplitude of GB and the complex wave front curvature in
the form

_A(0)B(z) 14
Az)= 50) (14)

As a result, the complex amplitude is equal to
A@)=—0) (15)

T 1+ 2/ik,wA(0)

Let us compare the obtained CGO results presented in Eq.
(6) and Eq. (15) for GB diffraction in free space with the
solutions of a diffraction theory in the Fresnel
approximation for which the diffraction integral has the
form
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E(X, Y, Z) = ie—ikoz J:OJ.EO (Xll yl) (16)

exp {'Zkg [(x—xF +(y-yy ]}dX'dy'

where (X', y') are the coordinates within the plane of the
screen, (X, y) are the coordinates in the observation
plane, E(X,Y,z) is the envelope of the field in othe

bservation plane, EO(X', y') is the field envelope in the

plane of the screen with the aperture and Z is the distance
between the screen plane and the observation plane. The

field envelope E, (r) in the plane of the screen with the

aperture has the form of GB
Eo(r') = E,exp(-r?/2w?) a7

we obtain on the observation plane that diffraction field
has the form

2wy
1+ 2/ik W,

E(I’ Z) — EO eXp(_ikoz)e
' 1+2/ikoW,

] (18)

One can notice that the above solution is in total
agreement with the CGO wave field in the form
u(r,z)= Aexp(ikot//), where complex amplitude A
for GB propagating in free space is presented in Eq. (15)
and complex eikonal ¥ is defined in Eq. (2) together
with the complex wave front curvature in Eq. (6). Thus,
for Gaussian beam propagating and diffracting in free
space the CGO method gives the same result as obtained
within the Fresnel approximation to the Kirchoff integral,

taking into account that wave function u(r,z) plays the
same role as field envelope E(r,z) and quantity A(O) in
Eq. (15) is equivalent with parameter E, in Eq. (17).

Moreover, the CGO method supplies this solution in a
much simpler way. The diffraction of GB with a circular
cross section can be easily generalized for the case of an
elliptical cross-section beam in the framework of the CGO
method. In the framework of the CGO method an
elliptical GB has the form

u=A o0 ey (ikB,x? /2 + ikB,y? /2) (19)
172
In above Eqg. (19) complex parameters B1 and 82 are

connected with principle widths and wave front curvatures
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by the relations B, =& +i/kwf  and
B, = &, +i/K,WZ . Riccati equations have the form
B _ge, (20)
dz

These equations can be readily integrated, obtaining the
following solutions:

B __ Do | 1)
' 1+B,z

where B, =B;(0). By substituting Eg.(21) into

equation for complex amplitude A:

d—A+ETrBuA:O (22)
dz 2
we obtain the equation
dA_1f Bw | By |a_p (23
dz 2{1+B,z 1+B,z

where &, =1 and :Igcdzz 7. The Eqg. (23) next
yields

A _ BB, . (24
J@+B,z)1+B,,2)

BlO 20

Gaussian beam principle widths and wave front curvatures

have the form
2
1{2} . (25)
LRi

Rayleigh

W’ W = W

Ly =kWo is  the

K =

where distance,

corresponding to the initial width W, =W (0).
Equations (25) demonstrate a typical behaviour for GB
diffraction in free space. In the near zone, Z << L, GB
widths are approximately constant, whereas the curvatures
of the wave front increase:

W, &~ W, = const, Ki:iz. (26)

Ri
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In the far zone, Z >> L, , the beam widths increase and
the curvatures of the wave front decrease:

< Wo 1 27
wi~L—Riz, K78), (@7)

In the near zone (with the plane initial phase front) the

absolute value of complex amplitude A remains almost
constant:

|Al~ |A§yg)const : (28)
while in the far zone
K, W, W, W, W,
Al ~ 01020 _ 10YV20 | (29)
= it < ] [0

Thus, Eq. (29) agrees with the conservation of energy flux
through a beam cross-section.
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