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Abstract—The change of the polarization state is analysed of an
electromagnetic beam propagating in weakly anisotropic and smoothly
inhomogeneous media with dissipation. On the basis of a quasi-isotropic
approximation, which provides a consequent asymptotic solution of
Maxwell’s equation, a differential equation for the evolution of a four-
component Stokes vector is derived. The obtained equation generalizes
the previous results for nonadsorbing media and is written in terms of a
dielectric tensor of birefringent media with dissipation. The formalism is
illustrated by an example of magnetised plasma with dissipation due to
electron collisions.

Traditional methods for the analysis of the polarization
state of an electromagnetic wave passing through
nonuniform birefringent media have been concentrated on
the case of negligible wave absorption. In such a case the
polarization state evolution is limited to a combination of
polarization plane rotation (the Faraday effect in media
with circular birefringence) and change in the ellipticity
state (Cotton-Mouton effect in media with linear
birefringence). To describe such evolution there are two
main approaches. The first one deals with coupled wave
equations for the components of an electromagnetic wave
field. In stratified media it is Budden’s method [1-2],
whereas the modification of Budden’s approach for an
arbitrarily inhomogeneous medium is a quasi-isotropic
approximation (QIA) of geometric optics [3-6]. The main
disadvantage of QIA is the fact that for an
electromagnetic wave it describes the evolution of
amplitude and phase of each perpendicular component of
an electric field whereas from polarimetric measurements
information is obtained on the amplitude of both field
components and only their phase difference. The second,
alternative approach — the Stokes vector formalism (SVF)
for the electromagnetic wave in stratified media, initiated
in [7] and reviewed in [8], was applied for purposes of
e.g. fiber and plasma polarimetry. In the case of a medium
without dissipation, SVF — based on the reduced three-
component Stokes vector s is completely sufficient.

The purpose of this work is to derive an evolution
equation for the full four-component Stokes vector
directly from the QIA. The obtained Stokes vector
equation generalizes the previous results for refractionless
and nonadsorbing media. The paper is organized as
follows. At the beginning, basic QIA equations are
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presented. Next, equations for the four-component Stokes
vector are derived from the QIA for a weakly anisotropic
medium of a general type. Then, a general theory is
applied for Stokes-vector evolution in weakly anisotropic
collisional plasma, such ionosphere, laboratory or
tokamak plasma with parameters typical for modern
tokamak machines.

The theory of electromagnetic wave propagation in
weakly anisotropic media was developed in [3] in the
form of a quasi-isotropic approximation of the geometric
optics method. A short outline of the QIA is presented in
the books [4-5] and in the review paper [6]. The quasi-
isotropic approximation of geometrical optics is efficient
for describing the evolution of electromagnetic wave
components in a 3D weakly inhomogeneous weakly
anisotropic medium. The dielectric permittivity ¢;; of a
weakly anisotropic medium could be split into two parts:
a large isotropic component g,6;;, where §;; is the unit
vector, and an anisotropic component v;;, which is small
as compared with the isotropic part &y max|v;;| < &:

&ij = €0 + vyj, 1)

The quantity p, = max|v;;|/ey < 1 is an "anisotropic”
small addition to the traditional small parameter of
geometrical optics ugo = 1/kL « 1, where k is the
wave number and L is the characteristic scale of an
inhomogeneous medium. Thy QIA comes from the
solution of Maxwell’s equations by asymptotic expansion
of the electromagnetic wave field E with respect to the
combined small parameter u = max(ugg,itg). In the
lowest order of the QIA, the monochromatic
electromagnetic wave field E has the form of a transverse
wave:

E=Ee, +Ee, =A(le, +Ie)eplik¥]. ()

In the frame of the QIA theory a weak anisotropy
influences the polarization vector I' = I.e, + I} e, rather
than the eikonal ¥ and the wave amplitude A: the latter
obey the same equations as in the isotropic medium. The
polarization vector components I, and I;, obey the QIA
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coupled equations, which can be presented in the form

[6]:

{1‘;{’ = lkgo_l/z (Vlll—;c + Vlzl}), (3)

1
2
’ , -1/2
[;, - %lkgo / (‘V211—;{ + VZZI-_")’)’

where derivatives are calculated over dz — the elementary
arc length of the ray.

The four-component Stokes vector S is defined by [9]:

So [§5+?§]{ L5
- LIy LI - LI
s=2 =l l=l Fripn L@
S, lZRe(I"xl"y)J [ Xy LT J
S3 2Im(I L)) —-i(LIy - I'L,)

To obtain the evolution equation of the Stokes vector in a
weakly anisotropic medium, the derivative of (4) has to
be calculated with appropriate replacements of I/ and I3
from equation 3. For example, for component S, such a
calculation has the form:

Si= (LI = LI) = LI ALE =T = Iy =
2(1/111}1}* + V12Fyﬂc* —vi LI — szl}l}*)
—ike, %(vul;ry* Vol Iy = vl I = vi LIy =
%ikso_% ((Vu — ViDL — (va2 — v Iy —
v21+v12+«lalys+vI24v2 1y x (5)

For further calculations it is convenient to introduce four-
component complex vector G:

_ 1 .
_%iksg 2(vi1 +v22)

Go _1
Like 2(vyy — v
G = g; _|z 0_1( 11 22) . ©)
G3 %lkgo Z(Vlz + V21)

1
| —Jikey?(Vip + V1))

Using Egs. (4) and (6), it is possible to rewrite (5) in the
form:

51, = _Im(Gl)SO + Im(Go)Sl - Re(G3)Sz + Re(Gz)S3.
()
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The other S’ vector components are calculated in a similar
way. Finally, the equation for the evolution of the Stokes
vector can be written in the matrix form:

S=M:-S=
[ Im(G,) —Im(G,) —Im(G) —Im(G3)]
|-Im(G;) Im(Go) —Re(G3) Re(Gy) | )
[—Im(az) Re(Gs)  Im(Gy) —Re(Gp)| ™
—Im(G;) —Re(G;) Re(Gy) Im(G,)

where M is the Mueller matrix for a weakly anisotropic
inhomogeneous medium and can be presented as a sum of
three terms: M =M, + My + M. The first one, the
attenuation component,

Im(G,) 0 0 0
_ 0 Im(G,) 0 0

Ma=| o 0o @) o | ©
0 0 0 Im(G,)

describes isotropic attenuation common for all

components of the Stokes vector. The second one, the
dichroic term:

0 —Im(G,;) —-Im(G,) —Im(G3)
47 [-Im(G,) 0 0 o |
—Im(G5) 0 0 0

corresponds to the attenuation responsible for dichroism,
that is, for selective attenuation of normal modes. The last
term,

0 0 0 0
_lo 0 —Re(G;) Re(G,)
Mo =10 Re(Gs) 0 ’ —Re((z?l)' (10)
0 —Re(G;) Re(Gy) 0

describes birefringence. Therefore real and imaginary
parts of wvector G correspond to hermitian and
antihermitian parts of a permittivity tensor and are
involving, respectively, isotropic attenuation or dichroism
and birefringence. Please note that the quantity Re(G,)
does not appear in (7), which means that the total phase of
the wave is lost in the Stokes vector evolution calculation.
Only the phase difference between polarization modes
can be retrieved from Re(G;), where i = 1,2,3.

As an example, we will apply the obtained equations to
the analysis of the Stokes vector evolution in
nonrelativistic plasma in external magnetic field B with
wave absorption due only to electron collisions (described
by constant electron collision frequency v,) and without a
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kinetic effect, such as occurs for ionosphere, laboratory or
tokamak plasma. For a sufficient high electromagnetic
wave frequency w such plasma is weakly anisotropic and
the components of the permittivity tenor transverse to the
ray propagating in the z direction have the form [10]:

v((1+is)*~uB%)

& = 1 T Qhisy(risy-u)
_ v(i(1+is)VUB,+UBxBy)
XY T (1+is)((+is)2-u)
\ _ v(—i(1+is)VuB,+1ByBy) 11
Eyx = (1+is)((1+is)2—u)
v((1+is)’-uB})
Sy = 1 T (1t

(A+is)((A+is)?—u)

where U = (e/m,cw)?, u = (w./w)?* = (eB/m,cw)?,
v= (a)p/a))z = 4me?N,/m,w? and s =v./w are the
standard parameters of plasma with density N,. Weak
anisotropy requires u <« 1 or v « 1. Note that only one
of the parameters u or v has to be small, while the other
one can be comparable with unity. Assuming e, =1 —v
as the isotropic part of the permittivity tensor (plasma
without magnetic field and absorption), so from (1)
vij =& — (1 — v)d;, and weak dissipation in the
plasma (s « 1), the components of the Mueller matrix M
from (6) and (11) in the first approximation of s are:

Im(G,)
_ e v[-3 —wu(BZ + BZ) + 2(1 + w)] .
20 (1— u)?

1 _% —(n2 2 3-u

Im(G,) = —ke, *vu(B; — B}) TS
0 —u
h 1 uS

e 3—u 3—u
Im(GZ) = —Ekso VUZBxBymS = _'QZ ms‘

1 -% — 1 2
Im(G3) = —Ekso 4V\/;Bzms = —di3 1- uS

It is worth noting that in such a medium both isotropic
and anisotropic attenuation are proportional to the
collision frequency v, and inversely proportional to the
electromagnetic wave frequency w.

1
Re(G,) = %kso 2vu(BZ — BZ) T
=0,~2.45-10"""23(BZ — B)N,

. 1
Re(Gz) = Eké'o UuZBxBym
=0,~2.45-10""123(2B,B,)
1
Re(Gs) = ke, 22vVuB, — = 0;~5.26 - 107342,
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where coefficients ;, traditionally used in plasma
polarimetry [8], correspond to the Cotton-Mouton effects
(2, and 2,) and to the Faraday phenomenon (£5)
[11,12]. In a nondissipative medium, Im(G;) = 0 and (7)
reduce to the standard Stokes vector precession equation

[8]:

s'=QXxs. (12)

To summarize, we have derived an evolution equation
for the full four-component Stokes vector of the
electromagnetic wave propagating in a weakly
anisotropic, smoothly inhomogeneous medium, with no
negligible absorption, as a function of permittivity tensor
components. As a starting point we used the equations of
a quasi-isotropic approximation (QIA), which follow in a
consequent asymptotic way from Maxwell’s equations.
Obtained equation 7 allows to investigate the polarization
state evolution in any medium with a sufficiently small
combined parameter u, like different types of plasma
(ionospheric, astrophysical, laboratory or tokamak
plasma) or fibers.

This research outcome has been achieved under the
research project No 1/S/KFiCh/14 financed by the
Ministry of Science and Higher Education subsidy for
statutory activities.
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